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The gradient technique and Lagrange multiplier are used to obtain the optimum of complex
chemical plonts. The advantage of this approach is its ability to handle nearly all types of
complex stages in o natural way. This approach is used to solve a heterogeneous complex
chemical process with recycle. It is shown that although there are many different iteration
loops, the convergence rate is fast even with rough starting values and only 0.3 minute is

needed to obtain the optimum operating conditions.

This paper describes the combined use of the gradient
technique and the Lagrange multiplier to optimize com-
plex chemical plants. In a previous paper (1), the func-
tional gradient technique has been used to solve continuous
and simple stagewise processes. It has been shown that
the Lagrange multiplier can be used to extend the gradient
technique to the stagewise processes with implicit equa-
tions. This paper shows that this technique is a useful tool
in obtaining optimum conditions of a complex plant.

There are two classes of optimization techniques. The
mathematical programming techniques such as linear and
nonlinear programming ignore the structure of the process
completely and optimize the various stages simultaneously.
Since these techniques treat an N stage process as if the
process were one stage, we shall refer to this class of tech-
niques as the single-stage optimization techniques. The
other class of techniques is known as the multistage optimi-
zation techniques. The dynamic programming (2) and the
discrete maximum principle (3) are multistage techniques
in which a certain relationship is used to isolate the inter-
connections between the various stages and thus permit us
to search one stage at time. This relationship is the princi-
ple of optimality in dynamic programming and the adjoint
equations in the maximum principle.

Both of the above two classes of techniques are not
suited for optimizing nonlinear complex processes in which
the stages are interconnected in a complex manner. Al-
though the single-stage optimization techniques are useful
for solving linear complex processes by linear program-
ming, no efficient single-stage technique exists for solving
nonlinear problems. Since the computational effort depends
exponentially on the number of variables, treating an N
stage process as a one stage process is certainly not de-
sirable. The multistage techniques avoid this difficulty.
However, other difficulties arise.

The multistage techniques are developed for simple
serial processes. However, the stagewise serial structure is
seldom seen in a complex chemical plant. For example, in
a modern refinery, each operating unit has its unique pur-
pose. Not only are the equations that govern the operating
conditions usually different for different operating units,
but the control and state variables may also be different.
If one considers an operating unit as a stage, then even
a simple homogeneous serial arrangement of only three
stages is seldom seen. Thus the concept of cut state based
on decomposition (16, 17), which has been recently de-
veloped for optimizing complex processes by the multistage
tecliniques, is also not suited for this type of complex
chemical plants.

A second difficulty in applying the multistage tech-
niques to complex chemical processes arises from the fact
that a chemical plant is not only nonlinear and has a very
complex structure, but also has a large number of variables.
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For example, because of the dimensionality difficulty, dy-
namic programming cannot conveniently handle optimiza-
tion problems with more than three state variables with
the currently available computers.

The gradient technique is an elementary concept for
the solution of optimization problems. A detailed discussion
of this technique can be found in the literature (4, 5). Be-
cause of the computational appeal of the method, it has
been adopted to the optimization of various problems. It is
a valuable tool for calculating maximum or minimum in
multivariable ordinary calculus problems (5 to 7). It has
also been adopted to the solution of nonlinear program-
ming problems, where the treatment of constraints is em-
phasized (8 to 10). Even in the numerical solution of
systems of algebraic equations, the gradient technique has
been found to be useful (11).

A version of the gradient technique, which is known
as the functional gradient technique, has been applied
extensively to aerospace systems (12 to 14). The func-
tional gradient technique was developed for variational
problems. This paper generalizes and applies the func-
tional gradient technique to complex nonlinear systems.
As has been discussed in a previous paper (1), this gen-
eralization cannot be obtained in a straightforward manner
from the functional gradient technique.

The gradient technique is especially suited for optimiz-
ing the nonlinear complex chemical process with many
variables. The advantage of this approach is its ease in
handling heterogeneous complex processes. There is no
additional effort involved in handling branching or inter-
connected streams. Note that this is not the case when
decomposition is used (I6). The convergence rate in
handling recycle by iteration has been quite fast for the
few problems solved.

The computational advantages of this technique are that
it constitutes an approximation in policy space (2), and,
in general, the convergence property is monotone.

The gradient technique has several disadvantages. The
most serious one is that convergence to an extreme which
is not the optimum may occur. However, for practical
problems, this is not a serious disadvantage. The results
can be judged by the physical situation of the problem.
Another disadvantage is that it cannot conveniently handle
problems with inequality constraints on the state variable.
Generally, iteration must be used to handle this kind of
constraint,

After a short introduction concerning the terminology of
a complex chemical process, the approach is introduced
by an actual example. It is shown that although there are
many different iteration loops, the convergence rate is fast
even with rough starting values and only 0.3 min. is
needed to obtain the optimum operating conditions for
the problem solved in this work.
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COMPLEX STAGEWISE PROCESSES

Generally, a stage represents a unit in which a certain
transformation takes place. A stage may be a complete
unit such as a distillation column, or it may be part of a
unit such as a plate in a distillation column. The equations
governing these transformations will be called process
equations. The state variables of a stage are those quanti-
ties that must be known in order to render an optimal
decision. The control variables are those quantities that
are considered to be under control and which are to be
chosen optimally. In any stage, the number of state vari-
ables must be equal to the number of process equations.
If the process equations and the state and control variables
are the same for all the stages involved, this stagewise
process is called a homogencous stagewise process. Other-
wise, it is called a heterogeneous stagewise process. In
this paper, all the processes considered will be heteroge-
neous processes. There are basically three kinds of hetero-
geneous processes depending on whether this heterogeneity
is due to differences in process equations, control variables,
or state variables. For the present approach, only the
heterogeneity due to differences in state variables needs
special attention. All the other heterogeneities can be
treated the same way as a homogeneous process.

There are three basic types of stages. A simple stage is
a stage with one entering stream and one leaving stream;
a branching stage is a stage with one entering and several
leaving streams; and a combining stage is one with several
entering streams and only one leaving stream. More com-
plex stages can be formed by combining these three basic
stages.

A simple stagewise process consists of simple stages
only. A complex process may consist of simple stages and
various complex stages which form various complex topo-
logical arrangements. The most frequently encountered
complex processes are processes with branching streams,
combining streams, interconnected streams, and recycle or
feedback streams. For the present technique, only feed-
back streams need to be treated separately.

For the ease of description, a complex process will be
divided into sections. Each section is a part of a complex
process which, by itself, forms a simple homogeneous serial
arrangement of stages. A section may consist of one or
any number of these stages. A new section may be created
either by a topologically complex stage, such as a branch-
ing stage or a combining stage, or by a change of the con-
trol variables, state variables, or process equations.

A fictitious stage will be added whenever a new state
variable is created or whenever the feed values of the
state variables to any stage are different from the effluent
values of the same state variables of the previous stage.
For example, the latter situation may occur when the proc-
ess has combining stages. The purpose of the fictitious
stages is to adjust the state variables.

REACTORS FOLLOWED BY EXTRACTORS WITH RECYCLE

Since we are dealing with a variety of complex topo-
logical situations, it would be impossible to derive an
algorithm covering all situations. Furthermore, most com-
plex situations can be treated by the use of the same
basic principle. For the purpose of concrete illustration,
a simple but certainly not trivial example will be consid-
ered in detail in this section.

The process shown in Figure 1 is a heterogeneous stage-
wise process with recycle. Stages 1 to 5 and 7 to 9 form
two sections. The stages represented by dotted lines are
either fictitious stages or stages which do not need to be
optimized. Figure la shows the actual material flow and
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Figure 1b shows the quantities needed for optimization
calculations.
Stages 1 to 5 are five continuous flow stirred tank reac-
tors in which the following reactions take place:
kg ky
A—>B-—>C (1)

where B is the more valuable product and C is a waste
product. Both reactions are first order and are irreversible.
If one assumes that the volume of the reaction mixture
remains constant, the reaction rate equations can be ob-
tained by material balances around the reactors

i=1...,5 (2)
i=1,...,5 (3)

X — Xi—1 + tikaxi = 0,
Yi— Yi—1 + tikpitp — tikaix; = 0,

where x and y represent the concentrations of A and B,
respectively; ¢ represents the holding time or residence
time of the reaction mixture in the reactors; and k, and k;
are the rate constants for reactions 1 and 2, respectively:

E E
kaiZGn exp(-—R;) kbi:Gb exp(—R;)

i=1...,5 (4)

The variable T; is the temperature of the reaction mixture
in reactor i. The other symbols are defined in the table of
notations. The state variables are x and y. The variable T
is the control variable.

Stages 7 to 9 are three crosscurrent extractors. Assuming
the waste product C can be separated very easily from the
reaction mixture, no consideration for optimization is
necessary for this separation. One possible situation would
be that the waste product C has a much lower boiling
point than the other components. The component C is
separated in stage 6. Stage 6 also serves as a fictitious
stage. There are changes in the state variables and in the
units used for the state variables between stages 5 and 7.

The mixture containing A and B is being extracted by
a miscible solvent, W. The concentrations of A and B in
the extract streams are represented by xg and yg, respec-
tively. The flow rates of the original mixture and the raffin-
ate streams are represented by q. The extract stream has
an inlet flow rate w of pure solvent W and an outlet rate
. The streams ¢ and w are expressed in total weight and
all concentrations are in weight fractions.

To obtain the process equations for stage 6, note that
there is a change in the units used between the reactors
and the extractors. The concentrations x and y in the
reactors are in moles/liter while the concentrations x and
y in the extractors are in weight fractions. If one assumes
the volumetric feed rate to stage O is one liter of x; and
ys/hr., then the volumetric feed rate to stage 1 is
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Fig. 1. A complex process with recycle.
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i=7,8,9
(5)

where M, and M, are the molecular weights of A and B
respectively, and V; and V, are moles per unit volume of
A and B. The second and third terms in Equation (5)
represent the volumetric recycle rates of A and B.

Since there is no change in volume in reactors 1 to 5,
the volumetric outlet rate from stage 3, based on 1 liter
of original feed, is also represented by Equation (5).
Thus, the flow rate g4 in weight unit is

qs — (xsMz + ysM,)

9 9
2 UnXEn 2 UnYEn
7 7

1+ + =0
M.V, MV,
(6)
and the variables x5 and yg are
M.
X — _ XM 0 (7)
oM, + ysMy
M
go———L ¢ (8)
xsMz 4 ysMy,

The equations for the extractors can be obtained by
mass balances on the total flow rates and the components
x and y:

Gn+Up— Qo1 —w, =0, n=7,89 (9)

n=7,89 (10)
n=1,8,9 (11)

The purpose of stages 7 to 9 is to extract as much of
the component A as possible and then recycle it back to
the original feed mixture. To simplify the recycle problem,
we have assumed that the solvent W can be separated
very easily from the extract streams and this separation is
performed in stage 10. Because this separation is so easy,
stage 10 is not considered in the optimizing calculations.
Even if this separation is not easy and must be considered
for optimizing calculations, the” following approach can
still be used.

With given initial feed concentrations, x; and yy, the
feed concentrations to stage 1 in moles per liter are

GnXn — Gn—1%Xn—1 + Upkgn = 0,

GnlYn— Gn—1Yn—1 + UpYEn = 0,

9
X+ E UnXEn/ M,
7
Xo— -0

9 9
1+ 2 uann/(M:cV:c) + 2 unyEn/(MyVy)
7 7

9
Yy +2 unyEn/My
7
Yo 9 ) =0
14+ 2 uann/(MxV:c) + 2 unyEn/(MyVy)
7 7
‘ (13)

All the above derivations are based upon 1 liter of the
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original feed mixture.

There are six unknowns, q, u, x, y, xg, and yg in Equa-
tions (9) to (11). In addition to these three equations,
three more equations can be obtained from the equilibrium
relationship. Typical equilibrium data are used for the
extraction and are shown in Figure 2 by the use of tri-
angular coordinates. From the saturation curve in the
raffinate layer, the following relationship is obtained:

y = fi(x) (14)
The tie line relationship gives
xg = fa(x) (15)

By the combined use of both the tie line and the saturation
curve relationships the third equation is obtained:

Yy = fs(x) (16)

The control variable for the extractors is the amount of
solvent used, w;, i = 7, 8, 9. The variables ¢;, u; and x;,
i = 7,8, 9 are state variables. Equations (9) to (11)
are the process equations for these three state variables.
Once x is known, the variables y, xg, and yg can be ob-
tained by the use of Equations (14) to (16). Thus, y, x&,
and yp are not state variables but are functions of the
state variable x.

The two state variables for stage 6 are g and xg. Once
ge and xg are known, yg is fixed. Thus, y¢ is not a state
variable and Equation (8) is not needed for the optimiza-
tion calculations.

No consideration is necessary for stage 10. Equations
(12) and (13) are the two process equations for stage 0
with %, and y, as the state variables.

It is interesting to compare Figures la and 1b and to
note what kind of variable is considered as state variable.
The state variables are essentially the unknown variables
which are controlled by the process equations. In certain
cases, the choice of a state variable is very arbitrary. Thus,
y¢ could have been considered as the state variable instead
of xg. According to this definition, Equations (4), (5),
and (14) to (16) are not process equations.

The quantity to be maximized is

9 9
4, = q9y9 -— )\1 Ewi —_ xgzuixm (17)
i=7 i=7

where A; is the cost of the extracting solvent per unit
value of the desired product B and ) is the recycle cost.
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Both A; and X, have the meaning of Lagrange multipliers
and have been used extensively in this manner in the
literature (1). The recycle cost is assumed proportional
to the amount of x recycled.

In establishing Equation (17), all the operating costs
have been neglected. These costs can be added to Equa-
tion (17) with only minor modifications in the following
derivations.

The problem is to find the control variables, T; and wj,
where i = 1, ..., 5, and j = 7, 8, 9 so that the quantity
¢ in Equation (17) is maximized. The process equations
[Equations (2), (3), (6), (7), (9) to (13)] are the con-
straints for this optimization. The symbols ¢;, i = 1, ..., 5,
Ga, Gu, Eq, Ev, R, My, My, V,, and V, in the process equa-
tions are all constants.

Following the standard approach in the use of Lagrange
multipliers in the classical methods of optimization, we
shall introduce the Lagrange multipliers w;, 6;, and
wheré 1 = 0,1, ...,9and f = 7, 8, 9 and consider the
equation:

9 9
¢ = Qolys — )\lzwi — )\22uixm
7 7

5 5
- 2 [pi (e — 21 + tikain;) ] *2[95(‘%' — Yi-1
1 1

st z )

tikniys —tikaixi) ] — (x—————-
+ tikpil ai%i) ] He 6 M, + y5My

9
— O6[qs — (xsMz + ysM,) V] — 2[ wi(ge
7

- Gi-1%—1 + uxg;) ]

ysM,

——-—-——st£ Ty, + urygy ]

— b [ qi1Yyr— qs
9
- 2 [6:(qiyi — Gi—1yi—1 + viyg:) ]
8
9
— 2 [n:(qi + i — qi—qwy) ]
7
9
— pol %o — (%4 +2 uxpi/Mz) /V]
7

9
— bulgo— (ys + 3 wye/My) V1 (18)
7

where V represents the volumetric feed rate to stage 1
and is defined by Equation (5). Note that V is not a state
variable but is a function of «; and x;, i = 7, 8, 9. Note
also that k; and k, are functions of T through Equation

(4).

R oV J
— No¥p; — pi¥ms — Oymi — m: -+ O (%M + ysMy) o + {po [ Vg /My — (xf +2uann/Mx ) — ]
i 7

o $

3 %, 3 5, 3¢
—d: d
o7 x5 + ” ys + 2

ES — ——-—d"
d¢ d S ax; %t o d
2 3% % 8¢ 5. 3¢ 9 3¢
= —dT; +> ——dw
" e S T Y

(19)

After the differentiations are carried out, Equation (19)
becomes a very complex expression. To save space, Equa-
tion (19) has been written in an abstract form. Choose
the Lagrange multipliers in Equation (19) so that the
coefficients of dx;, dy;, dqx, and du,; where i = 0, 1, ...,
9,j=01...,5k=86...,9adn =1, 8,9

vanish:
m—po=0 (20)
— i+ pier — pitikes + Otk =0, i=1,...,4
en
ysM=M,
— M5 Fstskas + 05t5ka5 + us m
ysM M.
MV — 8:9g —————————=0 (22
+ 0sM 796 M. T goM,)? (22)
— po -+ prge = 0 (23)
Sox ox,
— Aoty af: — wifi + pi1gi— pathi axfi
oY iy oY
9 — 0.4 — 8
+ 8419 o 9:q: o Uy or,
v ox;
+ Og(xsMy + ysMy) — + {,;o [ Vy/My
0% ox;
9
v e
- ( x5 -+ Z“ann/Mx ) _5:;] + 00[ Vu/M, ;’i
2 av
—( ys + gunyzn/MO aTJ}/Vz:O’ i=17,8
(24)
01—~0,=0 (25)
— 0+ 041 — Otk =0, i=1,...,4 (26)
— 05— Ostskos
stxMy
4 gsVM 0.9¢ —pg) ~———————— =0 (27
sVM, + (0196 —ps) (oMo T gsMy)° (27)
ysM,
— 8, O — =0 28
s + prxe + ?x5M,+y5My + 7 (28)
— i+ e+ Oati— OYfi — i e =0, i=7,8
(29)

v
Bui

v

E]
+ 8, [ Vye/My — ( ys -+ Zu"yE"/M!') E;]}/w: 0i=17,8 (30)

Next consider the differential changes of ¢ due to dif-
ferential changes in the control variables
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Yy Yy
axg axg

0xpg 3 v
0 z - nvEn M:t:) ]

+ {p [Vug/M - (x, + ;u Xgn/ P

Yo
o[V, 22—
+ Vug/M, s Ys
2 av

—_— 2 =
-+ ;unym/My) %s ]}/V 0
(31)
Yo — poxeg — Ogtfg — ng = 0 (32)

v
4 g (xsMy 4+ ysMy) —
6x9

\'%
— AoXpg — poXE9 — OgYmo — m9 + Os(xsMy -+ ysMy) e

+ {#o[ VxEs/Mx"‘( xf +§”an”/M’” ) = ]
7

GU9

J v
+ 00[ VyEQ/Mu - ( Yy +7zunyEn/My );,’79' ]} / Vi=0
(33)
and Equation (19) is reduced to:

Fo 0o 5. 9 Y
=t 42 22 ar 22 dw,
d¢ v xf+def+§:aTi i+726w; w

(34)
where

d
7;:_" = [{8; — pi) kaixiEq — O:ikoiypiEp 181/ (RT 2),

i=1,...,5 (35)

¢
=

. i=17,8,9 (36)

The partial expressions §V/dx and 8V /du can be obtained
by partial differentiation of Equation (5). The other
partial expressions, 9y/ox, dyr/dx, and dxg/dx for stages
7 to 9 can be obtained by the use of the equilibrium rela-
tions, Equations (14) to (16). Note that y is a state vari-
able in stages 0 to 5 but it is not a state variable in
stages 7 to 9.

As shown in an earlier paper (1), the Lagrange multi-
plier Equations (20) to (33) serve the same role here as
that .of the multiplier rule in the calculus of variations
(15). The optimality condition is obtained when d¢/9T;
= 0 and 39¢/0w; = 0, wherei= 1, ...,5,and j= 7,8, 9,
as no more improvement would be possible. Note that the
number of Lagrange multipliers is equal to the number of
Lagrange multiplier equations for each stage. Thus, the
values of the unknown Lagrange multipliers can be ob-
tained from Equations (20) to (33).

There are various ways for obtaining the optimum con-
dition for this problem from the above set of equations.
The most obvious way would be to set Equations (35) and
(36) equal to zero and then eliminate the control variables
from the process and Lagrange multiplier equations by
the use of these two equations. Finally the values for the
state variables and the Lagrange multipliers can be ob-
tained from the process and Lagrange multiplier equa-
tions. However, there are several difficulties connected
with this procedure. Since the control variable T is pres-
ent implicitly in Equation (35), this variable can not be
eliminated easily from the process and Lagrange multiplier
equations. Even if T could be conveniently eliminated,
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there is still the problem of obtaining the solutions for
such a complex set of equations. Owing to the presence
of recycle, there is no way to solve these equations except
by iteration. Another difficulty associated with this ap-
proach is that the solutions obtained may not be the true
optimum _ solution.

A more effective way for obtaining the optimum condi-
tion is by assuming a set of reasonable values for the
control variables and then improving these values by the
use of the gradient direction. The sequence d¢/8T; and
d¢/0w;, where i =1, ..., 5 and j = 7, 8, 9 is the gradi-
ent of ¢ with respect to the control variables, T and w.
Hence, for a given change in the control vector d¢/0T},
. v, 00/08T5, d/0tw7, 0d/0ws, 3¢/0wy, the greatest change
of ¢ will occur if the individual change of each element
of this control vector is obtained by

o
oT;
8T = 5 ( 3 )2 9 ( 3¢ )2 ,
i=1, ,5 (37)
d¢
8wi= '3wi A¢a

+ 3 (=)
i=17,89 (38)

where A¢ is the desired improvement in ¢. Thus, the im-
proved control variable sequence is

woa+ 8T, i=1,...,5 (39)
Wi, new = Wi, oid + Wi, 1= 7,8,9 (40)

If there were no recycle, the state variables can be
obtained from the process equations in a forward recursive
fashion with assumed values of the control variables. The
Lagrange multipliers can then be obtained by solving the
Lagrange multiplier equations in a backward recursive
fashion. However, due to the presence of recycle, the terms
Stinxen and Stiaye. are unknowns in the process Equations
(6), (12), and (13) during the forward recursive calcu-
lations. In order to solve the process equations the values
of these two unknowns must be assumed. Examination of
Equations (20) to (33) for the Lagrange multipliers will
reveal that the multipliers po, 8o, and g are unknowns in
Equations (24), (30), (31), and (33) during the back-
ward recursive calculations. Thus the values for these un-
knowns also must be assumed. To summarize, this optimi-
zation problem can be solved by the following procedure:

1. Assume a reasonable set of values for the control
variables T and w.

2. Assume reasonable values for Su,xg, and St,ygn.

3. Obtain the state variables starting from stage O in
a forward recursive fashion until stage 9.

4. Obtain improved values for Stunxg, and Sunyga.

5. Repeat steps 3 and 4 until the desired accuracy on
Sunxen and St,yE, is obtained.

6. Assume reasonable values for u, and 4,.

7. Assume reasonable value for 8g.

8. Obtain the Lagrange multipliers starting from stage
9 in a backward recursive fashion until stage 7.

9. Obtain 6 and ug by solving Equations (23) and
(28).

10. Repeat steps 8 and 9 until the desired accuracy for
0 is obtained.

11. Obtain the Lagrange multipliers starting from stage
5 in a backward recursive fashion until stage 1.

Ti, new —
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12. Obtain p, and @, by solving Equations (20) and
(25).
13. Repeat steps 8 to 12 until the desired accuracy for
#o and 8, is obtained.
14. Obtain improved values for the control variables T
and w by the use of Equations (33) to (40).
5

15. Repeat steps 3 to 5 and 8 to 14 until E (8¢/0T)2
1
9
+ 2 (3¢/01w,)? becomes so small that further improve-
7

ment is not significant.

The above procedure is essentially a modification of the
procedure listed in an earlier paper (I). This modification
is made to take care of the five unknowns in the above
equations. Although there are many different iteration
loops, we shall see that the numerical solution of this
problem is not very difficult. All the iterations involved
converge fairly fast even if the initially assumed values
are quite different from the correct ones. Note that steps
1, 2, 6, and 7 are needed only for the first iteration. In-
stead of assuming these values, the values from the pre-
vious iteration are used for second and latter iterations.

In solving Equations (9) to (11) and (14) to (16) in
step 3, some kind of iteration has to be used. This is be-
cause the following equation is in implicit form

x = f(w, x) (41)

This equation is obtained by eliminating g, u, y, xg, and
yr from Equations (9) to (11) and (14) to (16). With
known values for w, iteration must be used to obtain the
value of x. The Newton-Raphson method is used alter-
nately with a simple iteration scheme. First, a few itera-
tions are calculated by the Newton-Raphson method. If
no convergence is obtained, another number of iterations
is then calculated by the simple iteration scheme. This
alternation is continued until the desired accuracy of x
is obtained. With this alternative scheme, no convergence
problem has been encountered in solving Equation (41).

Detailed discussion for the simple iteration scheme can
be found in any numerical analysis book. With an assumed
value of x, the improved x can be obtained from Equation
(41). It has been found that a faster convergence rate
can be obtained if the value of x, used for the next itera-
tion, is the average value of the assumed and the improved
values of x.

The desired accuracy, as has been used in the above
computation procedure, can be defined as follows:

]ziﬂ—zi[ éez (42)

where ¢, is the maximum error allowed for the variable z
and the subscript i denotes the number of iteration. The
variable z represents any of the unknowns such as x in
Equation (41), Sunxgs Or Stpyrs in step 4, 6 in step 10,

or po or 9, in step 13.

The equilibrium relationships which are usually given
in tabular form, can be correlated into the following equa-
tions by linear regression:

y=a-+ bx + cx? (43)
yr =d + ex + fx? (44)
xg = g + hx + ix? 4 jad (45)

which correspond to Equations (14) to (16). These equa-
tions can be used only within the range for which they
are correlated. They can not be used in the completely
miscible region of the three components, as shown in
Figure 2. The reason for correlating the equilibrium data
into the above equations is to avoid numerical differentia-
tion which is known to be inaccurate.

This problem has been solved numerically. The equilib-
rium diagram shown in Figure 2 has been correlated into
Equations (43) to (45). The coefficients obtained for
these equations are:

a= 09865 f= 26043
b — —0.8295 g= 00150
¢ = —1.2203 h= 41882
d= 0009 i =—11.23

e = —0.1156 j = 8481

The equilibrium data used are completely the same as
that used in an earlier paper (1).
The other numerical values used are:

M o= 0.1 vV, = 1.0

X = 0.1 G, = 0.535 x 10
M, = 335 G, = 0.461 x 108
M, = 315 E, = 18,000

xy = 095 E, = 30,000

Ve, = 1.0 ti =6, i=1,...,5

This problem has been solved on an IBM 7094 computer.
The results are shown in Table 1. The maximum value of
¢, dmax, Obtained is 24.767. For the first iteration, the fol-
lowing values have been assumed for steps 2, 6, and 7:

SUpXEn = 3 o = 25
Ho = 25

Note that these values are quite different from the final
results. However, even with these rough starting values,
steps 3 and 4 need to be repeated but nine times, steps
8 and 9 nine times, and steps 8 to 12 five times for the
first iteration to obtain the following accuracy:

€ = 0.1 X 10~

co, = 0.1 X 104
cog = 0.1 X 105

€S unTEn = 0.1 X 10—¢
evupygn = 0.1 X 104

TaBLE 1. OpTiMmuM CONDITIONS WITH RECYCLE

Control variable State Variables Lagrange Multipliers
Stage Torw x y q u " g n
0 0.937 0.0629 32.5 34.9
1 327.12 0.688 0.301 325 34.9
2 325.45 0.524 0.454 317 36.1
3 324.41 0.407 0.558 30.3 37.1
4 323.70 0.321 0.631 28.4 37.9
5 323.19 0.255 0.684 25.8 38.7
6 _— 0.284 0.716 39.7 16.2 0.824
7 6.998 0.166 0.815 33.9 12.7 0.408 0.849 0.1
8 4.72 0.099 0.8¢2 30.8 7.85 0.330 0.865 0.1
9 482 0.057 0.935 29.3 6.31 0.179 0.882 0.1
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The number of iterations for steps 3 and 4, 8 and 9, and
8 to 12 are reduced tremendously for the latter iterations.
The initially assumed values for the control variables for
step 1 are

T; = 325, i=1...,5

w;= 10, i=17,89

With these initially assumed values and with A¢ = 0.005,
the results listed in Table 1 have been obtained in ap-
proximately 0.3 min. This computation time can be greatly
reduced if a program with less print out were to be used.

In carrying out step 3, Equation (41) is solved by using
the following initially assumed value for x:

x=0.1

The accuracy required for x is e, = 0.1 X 105

To show that the maximum point obtained is global,
various different starting values for the control variables
have been assumed. The above calculations are repeated
with these different sets of starting values. It has been
found that the same maximum point is obtained in all
these calculations.

Without Penalty for Recycle

It is interesting to examine the influence of the penalty
function, A, on the optimum results. The same problem
discussed above is solved without any penalty for recycle.
This is done by setting A, = 0. All other numerical values
remain the same. The optimum results are shown in Table
2. The maximum profit obtained is ¢max = 25.959. The
starting values used for this calculation are

T; = 329, i=1...,5
w; = 4, i= 7, 8, 9
The value of ¢ at these starting values is ¢ = 24

In less than 0.2 min., the optimum results listed in Table
2 are obtained from these starting values.

For the purpose of simplicity, only crosscurrent extrac-
tion is used for the separation stages. Obviously, other
separation equipment, such as distillation columns, can be
treated essentially in the same way. Countercurrent proc-
esses can also be handled. Processes with both continuous
and stagewise operating units can be treated by the com-
bined use of the approaches outlined in this paper and an
earlier paper (1).

The approach can handle almost any optimization cri-
terion. Frequently, this criterion includes the terminal val-
ues of certain state variables, the operating cost of each
stage, and the cost of recycle. The terminal value of a
state variable is the value of the state variable which does
not need to be processed further. It does not necessarily
mean the value of the state variable in the last stage. The
very general criterion in which the function, ¢, is a func-
tion of all the state variables and all the control variables
in all the stages can also be handled.
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NOTATION

E,4, E, = activation energies of reactions
Ga, Gy = frequency factor constants in Arrhenius equations
4, kp = reaction rate constants

M., M, = molecular weights

q = flow rate of raffinate stream

R = gas constant

T = temperature

t = residence time

i = flow rate of extract stream

V= a variable defined by Equation (5)

V2, Vy = moles per unit volume of components x and y

TABLE 2. OpTiMUM CONDITIONS WITHOUT PEALTY FOR RECYCLE

Control Variable State Variables Lagrange Multipliers
Stage Torw x y q u u 6 m

0 0.922 0.077 39.6 41.6

1 323.9 0.723 0.271 39.6 41.6

2 322.3 0.584 0.404 39.0 42.5

3 321.2 0.479 0.501 38.2 43.2

4 320.5 0.398 0.575 37.1 43.9

5 319.9 0.333 0.632 35.7 44.4

6 —_ 0.359 0.641 47.5 26.8 0.837

7 10.48 0.194 0.779 36.8 21.2 0.564 0.833 0.1
8 6.29 0.105 0.886 32.0 11.0 0.481 0.854 0.1
9 6.55 0.0536 0.939 30.1 8.45 0.293 0.877 0.1

DISCUSSION

A fairly effective technique for obtaining numerical
solutions of complex optimization problems has been ob-
tained by the combined use of the gradient technique and
Lagrange multiplier. The advantage of this approach is its
ability to handle nearly all types of complex topological
situations. The interconnections between sections are han-
dled in a very natural way.

Although only one control variable is assumed for each
stage, processes with more than one control variable in
each stage can also be treated in essentially the same way.
However, it should be emphasized that the computational
difficulties increase rather rapidly with the increase of
the number of control variables.
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W = extracting solvent

w = feed rate of extracting solvent

x, Y, = concentrations in raffinate stream
Xg, Ym, ¥ = concentrations in extract stream
xs, Yy = feed concentrations

a, b, ..., | = constants

A¢ = value controlling step size in the gradient direc-
tion iteration

¢ = profit function

e = maximum error allowed for the variable z

A = relative cost of extracting solvent

A; = relative recycle cost

# 0, m = Lagrange multipliers
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The Effects of Internal Mass Transfer on
the Hydrogenation of Benzene Over
Nickel-Alumina Catalyst

FRANTISEK JIRACEK, JOSEF HORAK, and JOSEF PASEK

Institute of Chemical Technology, Prague, Cxzechoslovakia

The influence of mass transfer on reaction kinetics, within the porous structure of a catalyst,
was investigated during the hydrogenation of benzene. The temperature range for a nickel
catalyst at atmospheric pressure was 99 to 160°C. The rate equation and the apparent activa-
tion energy on a cylindrical catalyst pellet (4.5 mm. in diameter and 5.5 mm. in height) and

on the catalyst particles (0.5 to 0.63 mm. in diameter) were evaluated.

The effect of internal diffusion on the dependence of the reaction rate, on the temperature,
and on the partial pressures of benzene and hydrogen was satisfactorily explained by means
of theoretical relations. The values of the effective diffusion coefficient of benzene were
compared by colculating the kinetic data and temperature difference in the cylindrical petlet.

Many papers have been published relating to the theo-
retical effect of internal diffusion on the rate of a catalytic
reaction. Few papers, however, aim at verifying such
theories. The object of this paper (4) is to verify the
theory of mass transfer effect on the reaction order within
the porous structure of a catalyst, that is, on the rate
equation and on the temperature dependence of the
catalytic reaction rate. Furthermore, a kinetic measure-
ment was made of the effective diffusion coefficient of a
reaction component in the porous structure and its value
was compared with that of the temperature difference in
a catalyst pellet.

EXPERIMENTAL PROCEDURE

Reaction Used

The reaction chosen for this study was the hydrogenation of
benzene on a nickel catalyst in the benzene-hydrogen-nitrogen
mixture at atmospheric pressure and 99 to 160°C. The partial
pressure in the inlet stream varied from 22 to 93 Torr for
benzene and 100 to 700 Torr for hydrogen. The conversion of
benzene to cyclohexane in the outlet stream varied from 5 to
95%.
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Catalyst

An industrial nickel-alumina catalyst was used containing
49% nickel and 4.3% graphite by weight (1). The specific
area per unit mass was 256 sq.m./g., the apparent pellet density
was 1.17 g./cc., the mean solid density was 3.84 g./cc., the
micropore volume (pore size below 150 A.) was 0.308 cc./g.,
the macropore volume (pore size above 150 A.) was 0.288
cc./g., and the thermal conductivity was 3.9 X 104 cal./(cm.)
(sec.) {°C.). A mean pore radius of 50A. was determined from
the specific surface, the apparent pellet density, and the mean
density of a solid phase catalyst.

Before carrying out the measurements, the catalyst was
activated by heating it in a hydrogen stream (20 liters/hr.)
to 180°C. for 3 hr. The effective thermal conductivity of the
catalyst pellet was determined experimentally as described by
Masamune and Smith (6).

Apparatus

A schematic diagram of the experimental apparatus is shown
in Figure 1. Kinetic measurements were carried out in a
recycle reactor. The hydrogen and nitrogen were metered by
flow meters (2), the mixed and combined feed streams were
purified in a series of columns. The first column was purified
by phosphoric acid on a kieselguhr to absorb alkaline im-
purities, in the second column a copper catalyst was used
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